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1. (a) State Riemann condition of integrability. 1

(b) If f is bounded on [q b] and M, m are
supremum and infimum of f on [q, b],
then prove that

m(b-a;sj:f(x)dxsff(x)dxs Mb-a)

24P/1273 ( Turn Over )



2. (a)

(b)

(c)
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(2)

Define partition and tagged partition of
a closed interval [a, b]. 1+1=2

Let f be a bounded function defined on
[a, b]. If Qis a refinement of a partition P,
then prove that

u(f, p=U(f, O 3
Or
Prove that a bounded function

f€R[a b], if for £>0, there exists a
partition P such that

Ulf, P)-L(f, P) <t
Answer any four of the following
questions : 5x4=20
(i) Give an example with explanation
that a function which is Riemann

integrable but neither monotonic
nor continuous.

(i) Prove that a continuous function is
integrable.

( Continued )

3. (a)

24P/1273

(3)

(i) Let f, g€ Rla, b]. Prove that f + g is
integrable and that

[ +gax= [ fac+ [ gax

(iv) Let f:[a b] > 92 be differentiable

and f’ is integrable on [g, b]. Then
prove that

[ rwac= o~ 1@

(v) Show that if a function f is
continuous on [a b|, then there
exists ce€ [g b| such that

[[rax=reb-a

Show that the improper integral

_|: e *dx

exists. 2
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(4)

(b) Show that

(©

4. (a)

(b)

24P/1273

[ x" e a

is convergent, if n > 0.

Prove that

B(m, n) = LML)

[(m+n)
Or
Prove that
E e—Ide = lr‘[_l_
20\ 2,
W}.lat / i1  the difference  between
pomntwise convergence and wuniform
convergence?

S:ve an example to prove that if a
c‘f;xence of functions {fn} converges
uniformly to a function f5" then' it

converges pointwise to f also. But the
converse is not trye, '

2

{ Continued )

(c)

(d)

(e)

24P/1273

(S)

Show that the function defined by

0, —<x<0
fa={nx, 0<x<t
n

Ll' le

n

converges pointwise to f(x) =0 for x <0
and f(x)=1 for x>0.

Show that if f,, : X = & be a sequence
of uniformly convergent functions, then
the sequence {f,} is uniformly Cauchy
on X.

Let {f,} be a sequence of continuous
functions on ([a b, and f, > f
uniformly on [a b. Prove that f is
continuous and hence integrable on
[a, b]. Hence show that

[0 fax =tim [ £, (9 ax

( Turn Over )



| (7))
(6) |

(d) If a power series

Didd

| #0,
| articular value x,
e G G P nverges absolutely
) gt 3 then show that it co g
for every x for which |x|<|xq |

s‘
(/) Find the pointwise limit of the sequence ;
of real-valued function |

(g) State and Prove Weierstrass M-test for Sk
the series of functions. S

S. (a) Define limit interjor and limit superior.,
. 1+1=2

(b) LetRis the radius of con
POwer series ;

Ya,x"

Prove that the series

Vergence of the

is absolutely

4. convergent if [X|<R ang divergent if
[x|>R. 4
j
(¢) Find the radius of convergence of the |
POwer serieg |
|
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1. (@) Define an integral domain with an
~ example. 1+1=2

(b) Let R be a ring with unity 1. Show that

(-)a=-a=a(-1), VaeR | 2

24P/1295 { Turn Over )



(2) LR

fc) Prove that a field has no i ), Show, tat caeh Pl Shme R
proper ideals. 304 a principal ideal domain has the

greatest common divisor.

(d) Prove that in a finite commutative ring
with unity, every prime ideal is

maximal. Sl | 2. (a) Define kernel of a homomorphism. 1
(e) Answ?r any two of the  following ' (b) Let C be the ring of complex numbers. Is
questions : 5%x2=10 : the map f:C — C such that
() Let R be the ring of 2x2 matrices J flx+iy) =x-1y

having the elements as real

numbers. Then show that the set of where x and y are reals, a ring

matrices of the type homomorphism? Justify. 2
0 a |
0 b (c) LetRand R’be two rings and f:R— R’
be a ring homomorphism. Show that—
with a and b as rea] :
subring of R, Give anI::{mbelI- 8 1sf a (i) f(0)=0’, where 0 is zero element of
. 3 % ample of a s ’,
subring which is not an e R and 0’ is zero element of R’
3 . (i) f(-a)=-f(a), Vae R. 2+2=4
(@) Let R be a commutative ring with
uanyRand S be an ideal of R. Show
that = g an int ‘ (d) Determine all ring homomorphisms
e S5 ;
S gral domain if and | from Z to Z where Z is the ring of
only if § jg prime. ‘ integers. 3
24P/1295 ( Turn Over )
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(4) (S)

(€) State and prove the first theorem of

isomorphism, 5 A :
Let V be a vector space of n-dimension

and W be a subspace of V. Show that
any basis {W}, W,, -, Wi} of W can be
extended to a basis {V}, V,, ---, V,,} of V
such that V; =W;, V1<i<k.

Or !
Or

IfSi.s an ideal of a ring R and T is any
subring of R, then show that

ST
S =m 4. (a) What is the range space of a linear
transformation? 1
3. (a
(@) Define a vector space, 2 (b) Prove that the map T: RS — R defined
®) Pr | i
ove that g subset of a linearl
A y = » v E]Rs
ndesinati e ol A Tx y 2=y, Vixy 2
is a linear map. 2
c D |
(c) : oes the set {1, 1 1), (123, -1 1)}
orm a basis for R 3> Justify. 3 (c) Consider the map T:R3® - R® defined
by
[d) Le
t Wbe asubspace QfIR4 spanned by T(x, Yy, Z) =(x+y: ytz Z+JC], V(JC, Y, d € IR3
& L -2 5 §2)) (23,01 -4), 3, 8 -3, -5)} Show that T is one-one and onto. 2
ind a basig and dimension of W. 3 |

(d) Find ImT and kerT, where T is a map

(e
). Let Wj ang W, be two subspaces of V. T:R3 5 R3 defined by

Then show that

dim (W] + W) _ 4 T(x 4 2 =(x+2y-3 y+3 x+y-22), ¥(x, y 2eR?

2)=dim w, 4 g; :

24P/1295 24P/1295 ( Turn Over )
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(6)

S. Answer any four of the following questions :

5x4=20

(27)

{(e) Let

B, =1{(L 0), (O, 1)}

(@) Let V and W be two finite dimensional —02.23)
vector space, over a field F. Show that V and Py =il 2) 4
and W are isomorphic if and only if . be two bases of R?. Find the transition
matrix P from basis B, to basis f;.
dim (V) = dim(W)
' () Let Vand W be two vector spaces and
() LetT:R® RS2 be a linear map defined T:V — W be a linear map. Show that
by :
dimV =rank T +nullity T
T(xy 2=(x+z x-3 1), (x y 2cR3
() Let ¢:R? - R? be such that
Prove that T'is invertible and find T!.
| 6 Y =(x-y x+y), (x YeR?
() LetVand W be two vector spaces over a | ) !
field F, and let T:V — W be linear. | fmd (] Ze r1!'11m=:ar. Prove that ¢ is an
Show that T™': W 5 V is linear if T is : isomorphism.
invertible. ;
| AR
(4 Let T:R®R? ang S:R2 5R? pe !
linear and ! [
T(x y 2 =@x 3y -22)
and  S(x, y) = (-2x, Y
Find ST.
d
24P/1295 ;
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