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MATHEMATICS
( Core )
Paper : MTHC4B
( Riemann Integration and Series of Functions )
Full Marks : 60
Time : Q%Ihours

The figures in the margin indicate full marks
for the questions.

1. (@) R @ R T fi[q b]>RI IX
"yeq @ L(f, P) <U(f, P), IS P, [a bR
«oT i =7 | 2
For any bounded function f:[a b]—>R,
show that L(f, P) <U(f, P), where P is
any partition of [a, b].

() @ 2F f:[a b]>R 961 TNRGE Faq HE P
F Q , [a b Ny =W WF PcO.
@yean & L(f, P) SL(f, Q). 3
Let f:[a, b]— R be bounded and Pand Q
are partitions of [a, b] and Pc Q. Show
that L(f, P) SL(f; Q).

() 3 f:la b]>R SEFEH 2, (5B (YA @

- R @A e>0,3[q, b 9O AOH P coir@r I@
WS U(f, B-L(f, B<e. 3
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|
If f: is i -
IR e fegionow | ¢ | (¢ M fila b]>R (o b]S SRR =, <
r any £>0,3 a partition P of [q, b] | 4Sd @ 9B A WA ceq, b] CM I
such that U(f; ]J)_L(_f: -P)<E. | q0e
| flgdx=(b-af9
M fila b]>R SRt =, o @ g | J: 4
[a, b] © SEFEE 2| 2 : | Show that if f:[a, b]—R is continuous
; h
If f 2[_0’ b]—-R is continuous, show that | s B S S SR e o
f is integrable on [, b]. [ rdx=(b-a) £
924/ Or 9441/ Or
Fj;}?ﬁ%q’”]”@’ IS GIES i fila bloR TRE NF A SN
If f:[a b -ﬂl ! =, (S A f, [a b]© UIRS SN 2 |
is ilzllttzgri;l)f ;: Toiﬁtomc’ show that f If f:[a b]>R is bounded and Riemann
i integrable, then show that f is Darboux
#® fifa b integrable on [a, b].
[a BISR SRITER W GqF g dx
LR ) 2. Lo
[a, B]'® SN T, GRS @ (@) paﬁﬁ:ﬂwwfxpawi%mﬁmﬂm
, ! Ealll 3
[rwac=re-fa ’ ot
7 . Test the convergence of f—— for
If f:[a b] >R is differentiable and f is ‘ . xP
integrable on [q, b], show that different values of p.
) (b) STl T SRS A 40 A T() =1
[rwe-ro-ra 1 g | 4+1=5
331/ Or Test the convergence of gamma function
M f:la b]-R, [a b|® e and show that I'(l) =1.
@& A f, [a b]® MR =7 3 =1/ or
If f:[a b]—>Ris Riemann integrable on 101 Foer ST o[ 4 | 5
[a, b], show that f 1s bounded on [q, b] Test- the convergence of beta function.
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(4)
Show that the sequence of
(€ % oA wioTRer  oQmr w0 functions (f,,), where
(R @1 o) 3 Lo
Test the convergence of the following % _m<x_1
(any one) : o (9= nx,OSxSZ
. 2 3
0 [=5%ax @ [ L
J: N2 Io S } n
3. (@ [0, 1] SEET SRR @[l T converges pointwise on R.
T ST il RS e o e | L (i) ST A () TS fuld=x",
Give an example of a sequence of SIfESIE ©
functions on [0, 1] which lsqpommse x€ [0, a], a<l, el [0, a]
oy eLEc Nt byt T uniformly SR 2 |
convergent, Show that the sequence of
(b) 2. FW. @ (/) SFAT, TS functions (f,) where f,(x)=x",
co : i
F () = S2BR g R, RGPS 0 357 R xe[0,a, a<l is uniformly ‘
" convergent on [0, a]. |
SR 27 | 2 ol [, b]
Show that the se ‘ : (iii) 2T f:[a, b]>R O (f,,) 90l [q
i Cgél;;rclce of functions ((74)) SEAETS ST FoAd g | 47 A
acre i (x =T, X€R converges [a b] S&IET© f,=5f [/l @Y A
uniformly to Q on R. [a, b]'@fﬂwﬁ’mﬂl
() T TGRS Teg foay (fy GG BRGY) : 4x4=16 Let fila B]>R and (f;) be a
Answer the following (any Soun . sequence of integrable functions on
(i) (e C{['(fn)wm, TS [a, b]. Let f,, = f on [a, b]. Show that
( f is integrable on [a, b].
0, g <in) oo 1
= : n oo e—r
Fad={ng o<, 1 (iv) Gqed @ ngox AT [0,1) © —
n Sais
Lipcs 4 e frpufes SR 2 e peIe
n ST = |
RS Rfems siesm =7 S ( Turn Over )
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Show that the series of functions

n - - .
Ex 1s pointwise convergent to
n=0

1
T on [0,1) but not uniformly

convergent on [0, 1),

(v) | q Y f, TR W X e
2SS e i) | (e @ R
(A e >0, I KeN o

nzm‘ZK =>|fm+l{x)+fm+ 2(JC) +"'+fn(x)I<E

Vxe X. R [ S (eq @

2 3
+§§+---, xe[0,1]
e Q] [0, 1] ® s wfew® =7

Let the series of real functions i
be uniformly convergent on a
non-empty set X. Shofv that for
given £ >0, 3KeN s.t.

n2m2 K =y 1 (004 frn g 500 4ot £, ()| <

Vxe X. Hence show that the series

BN
G X
2 +53+~2—5—+---, x€[0,1]

is uniformly convergent o, [0,1]
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4. (@) 3 (x,) T
{2) —11 %: _}/2: %i"%;%,_%, )
=4, (93 lim sup (x,) Sfed | 1

Find lim sup (x,), where (x,) is the
sequence

(21 _]1 %s —}/23 %:_%,%,—%, ...]

oo

b Ry X 3 wfviReR P SRS o

0 n!

Find the radius of convergence of the
oo n

power Series n=0?.
(c) oo frarcaRe e fian (R e gon) :  4x2=8
Answer the following (any two) :
() @ T 0<R<e WE Vx, T

x—d/<R, ian(x—a)n @ f
n=0

TG & (1, 1), VO<r<R

TfdTers wfeR =Wl GRS

(-R, Rj® [ wiiftza, Wie SHeaay =

SN o= S et
n=1
Let O <R<e and for all x with

|x—d <R, the series Y a,(x-a"
n=0
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converges uniformly to a function f
on (-r, 1) VO <r <R. Show that fis
continuous and differentiable on

(R R) with f’(x) = inanx”_l.
n=1

(@) [T e >0, WF X = [-1, 1 ~g],

Gy @
2 .3
Xk
D S
2 3
T DT XS T SRS =7 |

Let £€>0, and X =[-1 1-¢]. Show
that the power series

283
X

oGTh Wi R
2 3

is uniformly convergent on X.

(i) <f ian GG SRR =, cors
n=0

@S @ ian x" % @G [0, 10
n=0
TGS ST =7 |

If the series Zanconverges, then
n=0

show that the Power series

n -
zan X" converges uniformly on
n=0

[0, 1].
* ok ok
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