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1. {a) Define subring. Give example, 1+1=2

() Let a, b and c belong to a ring R.
Then prove that

" i) a0=0a=0
(i) a(-b)=(-a)b=-ab 2+2=4
Or

Prove that a ring R is without zero
divisor if and only if for all g b, ce R,
ab=ac and a#0 imply b=c. 4
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(@)

(2)

Show that a finite integral domain is

a field. Give an example of the same.

Also, give an example of an infinite

integral domain which is not a field.
3+1+1=5

Show that a field cannot have a non-
trivial ideal, 4

(3).

Prove that an integer n with decimal
representation a; ay._; ... g is divisible
by 9 if and only if a; + a5 _; +... +aq is
divisible by 9.

or

Let ¢ be a ring homomorphism from
a ring R to a ring S. Then prove that
the mapping from R /ker¢ to ¢(R) given
by r+ker¢p— ¢(r) is an isomorphism,

(e) Ptt.‘ove that the intersection of two ideals i.e., R/ker¢=¢(R)
of a ring R is again i
Also show that 6Z is :;1 i;d:l ?fzg Statée and prove second theorem of
. € (o) ’ : : f ring. D44=
where Z is the ring of integers. 3+2=5 1som9rph1sm of ring +4=6
: Or
[ or '
? ' e Let D be an integral domain. Then prove
o Define pl‘inCipgl ideal domajn and that there exists a field F (field of
| show that the set of ; . quotients of D) that contains a subring
. of integers Z is
}‘; - & principal ideal domain, 1+4=5 isomorphic to D.

2. (@ I f:R- PR pe a Prove that the union of two subspaces
show that f0)= 'nn & homomorphism, of a vector space is a subspace of the
zero eleme =0 where 0 and 0’ are vector space if and only if one of the

nts of R R’ respectively. subspaces is contained in the other.

1+1=2

(b) Show that th (p) Show that for a subset W of a vector

Z4 to 2 ¢ mapping : x — 5x from space V, W =span (W) if and only if W
10 18 a ring hOmomorphlsm 3 | is a subspace of V. 5
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4. (a)

(b)

Or

Define basis of a vector space V. Show
that the set B={(,0,1), (L1 0), (0,1 1)

is a basis of RS, 1+4=5

Let V be a vector space which is
spanned by a finite set of vectors
BiB2,....Bn. Then prove that any
independent set of vectors in V is finite
and contain no more than m elements. 5

Oor

If Wi and W, are finite-dimensional
subspaces of a vectorspace V, then
show that W, + Wy is a finite-
dimensional subspace of V and

dim W] +dim W, =dim (W, n W,) +
: dim (W] + W)

Define linear transformation. Show that
the mapping 7. V3(R) - V52 (R) defined as

T(al’ as, a3) =(3a1 -2a2 +a3, Q ‘3a2 —2a3)

is a linear transform

ation from V.
into VaR). 3R

1+3=4
Find the rank ang nullity of the linear
ValR) > v, (R) defined
b). 4
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(5)

(c)- Let V and W be vector spaces over the
field F. Then show that the set of all
linear transformations from V into W is
a vector space over the field F.

Or

Let V be a finite-dimensional vector
space over the field F and let
{a, 09, ...,0,} be an ordered basis
for V. Let W be a vector space over
the field F and let B, Ba, ...,B, be
any vectors in W. Then prove that
there is a unique linear transformation
T(Xj=Bj, j=1,2,...,n.

5. (a) Define isomorphism of vector spaces.

Prove that every n-dimensional vector
space over the field F is isomorphic

to the vector space F". 1+4=5

(b) Let V be an n-dimensional vector
space over the field F and W an
m-dimensional vector space over F.
Let B be an ordered basis for V and p’
an ordered basis for W. Prove that for
each linear transformation T from V
into W, there is an mxn matrix A with
entries in F such that [Talﬁ,_=A[a]B.

5
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(c)
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(6)

or .

Let V be the vector space of all
polynomials of degree three or less
over R. Let B={f), f,, f3, f4} be the
basis of V, where f J () =x7"1. Then
find the matrix representation of the
usual differential operator D on V in
the ordered basis .

Let T be the linear operator on R3
defined by '

T(xl, x2, X3) = (3x1 +JC3, —2x1 +X2,

-Xx +2x2 +4x3)

() Find the matrix of T in the
standard ordered basis of R3.

(@) If the transition matrix P from the
standard ordered basis B to the
ordered basis f'={(10,1), (-1, 2 1),
(2,1, 1)} is

1 -1
P=|0
1

- N

2
1
1

find the matrix of T relative to

the ordered basis B’ 3+3=6
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(7)
Or

Define similar matrix. Prove that the

matrx
10
[Tls =[0 o]

of the linear operator T on R? relative
to standard ordered basis of R? defined
by T(x;, X3) =(x;, 0) is similar to the
matrix .

-1 -2
[T]B'=[ 1 2]

of the linear operator T with the ordered

basis B={(, 1), @ ). 1456
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